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The equilibrium (defined in Section 3.1.3 in the main text) can be defined in several
different ways, in particular in sequence notation or as a recursive competitive equilib-
rium, and as a household problem, a dynastic problem or even a (modified) planner’s
problem. Since the household sequence problem is the easiest to interpret and be-
cause it is this formulation for which the efficiency concepts are defined, we stick to it
throughout the paper. However, the dynastic problem or the planner’s problem are the
most convenient formulations for some of the technical proofs. To use these results in
the paper, we need to formally establish that the various versions are equivalent. This
is what we do in this Supplementary Appendix (see Figure S.1 for a graphical depic-
tion). These results closely follow Alvarez (1994) but extend the setup to two periods
of consumption and the presence of a minimum intergenerational transfer constraint.

More precisely, Section S.1 derives the equivalent of equation (4) from the point
of view of the old household, which is convenient when specifying the boundedness
condition for Assumption 1(e). Lemma S.1 in Section S.2 shows equivalence between
the household and dynastic sequence problems. The latter formulation is used in Sec-
tion S.3 to show that equation (4) uniquely defines a utility function U. To show that
the first-order and transversality conditions for the equilibrium described in the main
text are necessary and sufficient to characterize the equilibrium, we set up a Pseudo-
Planner’s problem in sequence and recursive form in Section S.4.1 and show that it
is equivalent to the dynastic sequence problem. We then use standard dynamic pro-
gramming techniques to characterize the Pseudo-Planner’s value function and derive
the necessary and sufficient conditions for optimality in Section S.4.2. Again using the
Pseudo-Planner’s problem, we show that decision rules and prices are continuous in
the minimum transfer constraint, b, in Section S.4.3. This result is needed for some of
the proofs in Section 4.2 in the main text. For completeness, we also define a recursive
competitive equilibrium (RCE, see Section S.5 Definition S.6). Proposition S.4 proves
equivalence between the equilibrium defined in the main text and the RCE.
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S.1 Middle-aged and Old Household Problems

In this section, we show that the middle-aged household problem can be split into her
problem when middle-aged and when old. In addition, we show that conditional on
the transfer, an old agent agrees with her middle-aged children on how to split income
between consumption, fertility, and savings. This is because altruism W is specified as a
function of children’s utility, U,. Therefore, rewriting the problem from the perspective
of the old is equivalent to our original formulation.

Start with the problem of a middle-aged household in period ¢, as defined by the
utility function (4) and the constraints (2) and (3). Since this is the household problem
from the perspective of a middle-aged agent, we write the utility function here as U] =
u(c]’)+ Bulcy, ) +¥(ne, U, ). Define the utility when old as Uy = Bu(c?) + ¥ (n—1, U™).
Here, we can see that the old agent trades off ¢*, ¢f,, and n; in the same way as her
children. The only variable old parents and their middle-aged children in period ¢
disagree on is ¢ and, hence, the choice of b, which determines how consumption is

allocated inter-generationally. Given these insights, we can plug in for U;”, to get
UY = Bu(cy) + V(e u(cy") + Bu(cly) + ¥(ne, UTY))
and use the definition of U7, to derive
Uy = Bu(cy) + Wy, ulc)”) + UZy). (S.1)

This logic shows that the two formulations are equivalent, which turns out to be useful

for some of the proofs.

S.1.1 Old Household Sequence Problem

In this subsection we specify the old household’s sequence problem. Since u(.) is
strictly increasing, the budget constraints will hold with equality. Given this, let us

define the optimal transfer function, Z,

b(z, x4, Tyyr; wy, 1) = argmax{ fu(rys; —ng_1bywy) + Y (ng_1, uw(wy(14+by) — 401 — Ony) + 2).

bi>b
S.2)
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where z, = (s;,m-1). Recall our notation for sequences of individual states, z; =

{zr}72,. Let the set of budget feasible allocations from z; = (s¢, n;—1) be given by
(e, we, re) = {@e  (Sprr + Opru) -1 < wpnge—y + risy, Vk > ¢, given}.

Hence, the utility of an old agent in equation (S.1) can be written as a function of the

infinite sequence of state variables x; € Il(x;, w,r:), and prices (we, r:):

U(zi;we, i) = PBulres; — nt—lg(-)wt) (S.3)
AU (n1, w(wi(1+ () = Ses1 — Oimg) + U (@415 Wer, Te41))

where z, = (24,2441), i.e. 2441 agrees with z; from ¢ + 1 on. If we can show that
equation (S.3) defines a unique function U°(.) for all z; € II(z¢, w:, 1+), then we can

deduce the unique function
U™ (b, 23 we, 1) = ulwe(1 4 be) = 5141 = Oene) + U (2413 Wi, Le41) (S5:4)

for all z, € II(x, wy,7;) and b, = b(.). Note that U™ is only defined for rationalizable
transfers b, as is standard in models with recursively defined preferences. We deal with
uniqueness in Section S.3.

We can formally state the boundedness condition in Assumption 1(e). This is a
natural extension of the condition in Assumption 4.11. in Stokey, Lucas, and Prescott
(1989) (Chapter 4, Section 3), Assumption 1d in Alvarez and Stokey (1998) or Assump-
tion 5" in Alvarez (1994). Let ||.|| r denote the Euclidean norm and |.| the absolute value.

Assumption S.1 The objective is bounded in the sense that 3B € (0, 00) such that for all
t >0, forall x¢1 = (Se41,M—1) St (Se1 + Ong)ne—1 < wing_y + s and for all z € R we
have
|Bu(res, — ntfl/g(')wt) + W (g1, u(we(1 +g()) — Sty1 — Ony) + 2)|
< B[, ne—1, Dl[)” + 1 ([[(se1, 1, Dl 6)" + (2]}
where b(.) as defined in (S.2).

Finally, we define the old household’s sequence problem in Definition S.1 where the
left-hand side is the optimized value* as a function of the initial conditions s, and ng,
while the right-hand side describes the choice problem, where the objective function is

maximized over the entire sequences s, and 7.

#We use U°** here because U°* is used for the optimized value of the recursive problem.
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Definition S.1 Old Household Sequence Problem (HSP):

U%* (50,105 Wo, 70)) = sup{U° (S0, no; Wo, 7o) : (S0, 70) € II(s0,m0; wo,70))}

S.2 Household and Dynastic Sequence Problems

In this section, we show that the old household problem in sequence form (described
in Section S.1.1) can be written in dynasty aggregates. Note that this results in a convex
constrained set which is useful because it allows us to prove that Up, is uniquely deter-
mined over budget feasible sequences and implies a unique household value function
U that solves equation (4). We do this in Section S.3. This formulation is also the basis
from which the Pseudo-Planner’s problem (in sequence and recursive form) is derived.
The latter allows us to use standard techniques to characterize the equilibrium alloca-
tion, which we do in Sections S.4.2 and S.4.4.

Let us define the primitives of the dynastic problem. Normalize the measure of ini-
tial old to V§ = 1. Let N;” and Ny be the number of middle age and old descendants of
the initial old in period ¢, respectively: N;* = N;® ,n,_y and N;*;, = N{. Let C]" = ¢ N
and C? = ¢; Ny be the total consumption of the middle- and old-aged descendants in
period t, respectively. Also define S; = N/s; and B, = N;"b; as the dynastic savings
and transfers. The dynastic state is zp; = (S, N/, N?). Note that this relates to the
individual state as follows: zp; = (N?s, Nong—1, NY) = (N, N?) = NP (24, 1). Analog
to the household problem, we let x5, denote the sequence of dynastic states.

Recall that by Assumption 1, ¥ is either homogenous of degree v or separable in
its two arguments. For the h.o.d. v case (i), define the period utility, altruism, and

dynastic utility functions as follows.
U
Up(N,U) =T (N, —) (S.5)

Then it is easy to show that ¥ being homogeneous of degree v in n (i.e. Assump-
tion 1(c)(i)) implies that ¥, is homogeneous of degree v in the sense that W (AN, \"U) =
ANUpL(N,U) forall A > 0and v # 0.

We now deal with the non-separable case (ii) from Assumption 1(c). Note that

for several of the proofs we need ¥, to be homogenous of degree v, which with the
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definition of ¥, would not be true for case (ii). However, with some appropriate redef-
initions, case (ii) can also be written as a homogeneous function. Here (and in Section
S.2.1) we briefly discuss how this works without going into too much detail to avoid
tedious notation and repetition. Define two new functions that depend only on n and
U respectively: h(n) and U(U) so that U(n,U) = h(n) + U(U). Since by construction v
does not depend on n, we can also write \T/(n, U) and assume that ¥ is h.o.d. of degree
v = 0 in n. This way of writing it assures that we can use the same steps in the proofs
as for the non-separable case where U(n, U) is assumed to be h.o.d. of degree v in n.
Specifically, for the separable case (ii), define the dynastic functions as follows:

U,(N,U) = T (N, Nﬂ) .

Further, define

Nm
hp(N°, N™) = h (N) .

Clearly, hp is homogeneous of degree 0 in (N°, N™). It is also easy to show that

U(n,U) being h.o.d. v = 0 in n implies that U, has the same property as in case (i) but
with v = 0. These are the properties needed for several of the proofs.

Then, it is straightforward to show that Assumption 1 is equivalent to:
Assumption S.2
(a) up(.,.)is continuous, strictly concave, continuously differentiable, increasing, and u',(0, N) =

Q.

(b) Yp(N,U) is continuous, strictly concave in n and weakly concave in U, continuously

differentiable, and strictly increasing in both argquments.

(c) Y is homogeneous of degree v in the sense that
Up(AN,\U) = WU p(N,U),YA>0,N e Ry, U e R
with either (i) or (ii):

(i) v <1, v # 0and up is strictly increasing in N;

(ii) v = 0and hp(N°, N™) is homogeneous of degree 0.

(d) Vp(N,U) discounts at rate ¢ < 1 in the sense that
VN eR,,UeR,a>0,Yp(N,U+a) <VUp(N,U)+ Ca.

(e) The objective satisfies a boundedness condition on the set of budget feasible allocations.
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S.2.1 Dynastic Utility

Start with the utility function of an old household in period ¢ defined in equation (S.1)
and multiply with (N?)” to get

(VD)UY = (N?)" Bulef) + (N9)" O (g1, u(cf") + Ufyy)-

From the definition of ¥p, we have V(n,_1,u(cj") + UZ)) = Vp(n_1,ni_ju(c) +
0 Ug, ). Thus, (N9)U = (N2 Bu(c§) + (N2 Wp gy, niyu(c?) + nf U, ).

For the non-separable case (i), using the homogeneity in Assumption S.2.(c), we can
rewrite the problem as

(N))'UP = BINY) ulef) + Wp(NPne—y, (NP) 0 yu(c)”) + (ND)"n 1 Ufyy).

Using the definitions of Cj*, C7, N/, and N/, rewrite as

o

ez = v (5 ) + n i vy

o
Ny

)+ Uz
From the definitions of up and Up,, this is

U, = Bun(C8, N?) + Up(NJ, up(CJ, NI") + U,y ). (S6)
For the separable case (ii), the expression needs to be slightly modified

Upe = Pup(CF, N7) + hp(N7, N*) + Wp (N, up(CF, Ni*) + Upya)- - (87)

In the remaining proofs we focus on the non-separable case to avoid having to carry
hp(N?, N*) around. However, the logic works exactly the same with this additional

term.
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S.2.2 Dynastic Constraints

Consider the constraint set from the household problem:

C? + Qtnt + St+1 S wt(l + bt)
Copq + Mebiwe < g8
bt+1 2 (_7754_1

¢t cl,ne >0,
Use the definition of aggregate variables and multiplying through, this is
Czn -+ QtNt’il -+ StJrl S Wi (NZTL + Bt)
CPy + Bipiwipr < 1S4

Bip1 2 by N

CrvotoJrlvNﬁl?Nr Z 0.

Using these transformations, we can now specify an old dynastic sequence problem.

S.2.3 Dynastic and Old Household Sequence Problems: Equivalence

Since up(.) is strictly increasing, the budget constraints will hold with equality. Given
this, let us define the optimal transfer function, E, Vi >0,z€R,

B(z,2pt, Tpiy1; we, 1) = argmax{ fup(reSi—Bywy, N7 )+Yp (N, up (wi( N +By) = Sp1—0: N[, N[ )+2)

By>b, N{"
(5.8)
where zp; = (S;, N[, N7). Note that given Assumption S.2(c), we have
E(X/Z, AT Dty LDty 15 Wy Tt) = )\E(% TDts TDt11; W, T't)- (5.9)

Note that this homogeneity property is specific to the dynastic problem and will help
in the proofs. In particular, it will be used to show that the recursively defined utility
is homogeneous of degree v.

Recall our notation that zp; = {zpi},. Let the set of budget feasible allocations
from zp; = (S;, N/, N?) be given by

Hp(xpe, we, 1) = {xpe + Sk1 + 06N < wi NG 4 1Sk, VE > £, 2y given}.
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From the derivations in the previous subsection and given our definitions of aggregate
variables, we have z; € IIp(x;; we, 1) if and only if xp, € Hp(xps; we, 14). Also, by > b, if
and only if B > N;"b,. Hence, the dynastic utility as a function of the infinite sequence

of state variables zp; € IIp(zpi, we, 1:), and prices (wy, 1;), can be written as

Up(zpe;we 1) = Bup(rySy — E(')wt, NY) (5.10)
(N up(wy(N" + B() = Seex = O:N[L, NI + Up (201415 Wesn, 1241))

where zp; = (Tpi, Tpit1), 1-€. Tpiy1 agrees with xp, from ¢ + 1 on.
Note that, if we can show that equation (S.10) defines a unique function Up)(.) for
all xp; € I(xpe, we, r¢) (Which we do in Section S.3), then we can deduce the unique

function o
Up(zpe; we, 1)

(V)

(S.11)

UO(,%t;wtalit) =

that solves equation (5.3), where z, is related to zp; as explained above.

We are now ready to formally state the boundedness condition in Assumption S.2(e).
This is a natural extension of the condition in Assumption 4.11. in Stokey, Lucas, and
Prescott (1989) (Chapter 4, Section 3), Assumption 1d in Alvarez and Stokey (1998) or
Assumption 5" in Alvarez (1994). Let ||.||z denote the Euclidean norm.

Assumption S.3 The objective is bounded in the sense that 3B € (0, 00) such that for all
t >0, for all (xpy, Tpis1) such that [Sypq + 6N < wyN™ + 1,S] and for all z € R we have
|Bup (1S — B()we, NY) + Up (N, up(wi(N" + B(.)) = Sep1 — 0:N/2y, NI*) + 2)]

< B{(llzpdl|2)" + (lzpisal[p)” + [2[}
where B(.) as defined in (S.8).

Next, we define the dynastic sequence problem as, where as in Definition S.1 the right-
hand side is the choice problem and U2 denotes the optimized value.

Definition S.2 Dynastic Sequence Problem (DSP):

Up™(2po; wo, 10)) = sup{Up (2 po; wo, 70) : Zpo € Ip (2 po; wo, 10))} -
Lemma S.1 The problems defined in Definitions S.1 and S.2 are equivalent.

Proof. Let zy € II(xg,wo,10) and zpo € Ip(xpo, wo,r0) be any budget feasible se-
quences such that s, = S;/N? and n,_; = N;*/NY?. Then by definition we have U} (xpo, wo, o) =

N§)'U°(xg, wo, o). Since N§ is part of the initial condition, their suprema, z}, and x7
0 Wo, I 0ol1sp p 0 DO
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are also such that s; = S;/N/* and nj_, = N;™*/N/*. See also Remark 1 p.20 in Alvarez
(1994). n
Next, to state Assumption 2 more precisely we need some preliminaries. Define &,

the minimum or maximum rate of change of x as follows.

Definition S.3 & = sup{||zpwr1||e/||zpt||Es (Dt, pey1) St [Ser + O NI < w N +
715 }

& = inf{||zper1l|e/l|2pel|E; (@pe, Tper1) .t [Spar + 0Ny < weNY™ + 1Sy}

Ifv > 0,define k =R, if v < 0, define k = k.

We are now ready to state the boundedness condition in Assumption 2 formally.
Assumption S.4 Assume x> 0and k’¢ < 1.

The intuition of this bound is as follows. If v > 0,U% > 0, and we have to make
sure not to go to +oo by bounding the growth rate of the state variable. If, on the other
hand, v < 0,Up < 0, and we have to make sure not to go to —oo by bounding the
drop rate of the state variable. It is easy to see that Definition S.3 implies the following

remark:
Remark 1 Vv < 1, k¥ > (||zpes1||e/||zpt] | £)"-

Remark 1 together with Assumptions 5.3 and S.4 will be used in several proofs show-

ing the utility is bounded.

S.2.4 Dynastic Formulations for BB and RB

For the utility specifications introduced in Section 3.3, the dynastic formulation can be

expressed as follows. Assuming u(z) = 5”11—_;, g(z) = 2" ¢ and h(z) = u(x), we get:

1—0

BB UB{S’SB — io: ths |:6(Nt0)0'—€(0t0)1—0 + C(NZTL)U—E(CZTL)l—U] (812)

t=s

l1—0

[ [ S U iR did

which are the utility functions corresponding to equation (S.10).
By assumptions S.2(a) and (b) we need that the utility is strictly increasing and

strictly concave in all its arguments, {N;”, C}", C7}52,. Some of these conditions are
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useful in comparing the two specifications. In particular, for utility to be strictly in-
creasing in N;" in the RB—altruism, the condition boils down to:

[u/(cﬁl)cﬁl + Bu'(cfy )t o +7“/(”t+1)nt+1]

Uz

RB. yu'(ng) > ¢ (5.13)

This condition says that the direct utility benefit has to be strictly larger than the indi-

rect utility cost of diluting per generation consumption and fertility one period later.
With logarithmic utility, this condition boils down to:

RB(log). v > C(%'f) (S.14)

Following Jones and Schoonbroodt (2010), there are three sets of joint parameter
restrictions that ensure that utility satisfies the desired monotonicity and concavity
properties for BB—type altruism:

BB1 0O<e<o<l;
BB2 1<o<e¢; (5.15)
BB3 1—e¢=4(1—o0)forsomed>1land o — 1.

In the last case, utility is separable and logarithmic and hence equivalent to the RB
specification with logarithmic utility with v = %&6) Since § > 1, condition (5.14) is
satisfied.*

Further, it is straightforward to verify that utility is homogeneous of degree v =
1 — € in the BB—case and homogeneous of degree v = 0 in the RB—case. Hence,
Asumption S.2(c) is satisfied. Finally, Assumption S.2(d) is satisfied if

¢ < 1. (S.16)

S.3 [Equation (4) uniquely defines a utility function U

The next proposition states that the function U that we implicitly defined by equa-
tion (4) exists and is unique. Some definitions are needed. Let X be the set of budget
feasible sequences, xo € II(xg, wo,10) given prices (wo, o), for some initial condition,

xo, where x; = (s4,n4_1).

#Details on the necessary utility transformations that lead to this result are available upon request.
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Proposition S.1 There is a unique function U : b() x X x R x RY — R satisfying
equation (4).

Proof. We prove this proposition in three main steps and several intermediate steps.
For full details, see Technical Appendix T.1.
Let Xp = {zpo : 2po € Up(xpo;w,r), some xpy € R, [|zpol[; < oo},

where ||z ol = [sup{(||zpil|/5")" : t = O}]'/",
Up ={U : Xp x R® x R*® — R : U continuous, h.o.d. v, and , ||| < oo},

where , [|U|| = sup{|U(zp)|/[|(zp)[; - zp € Xp © R}
Step 1: If Assumption S.2 (which is equivalent to Assumption 1) is satisfied, the func-
tion Up, is uniquely defined through equation (5.10). This part closely follows the proof
of Lemma 5, p. 37, in Alvarez (1994).
To prove Step 1, we proceed as follows:

e GivenlU € Up, define an operator JU from the right-hand side of equation (5.10);
e show that Up is complete;
e show that J maps U, into itself;

e show that 7 is a contraction of modulus (.
To show that J is a contraction mapping, we follow Alvarez (1994) using an ap-
propriately modified version of Blackwell’s sufficient conditions (see Lemma T.1).
The only difference from the standard version is the definition of (/ + a). Given
this, we need to show that:
- J is monotone;
- J discounts.
Step 2: Using the definition of U7, in relation to U in equation (S.5), it is easy to see

that Uy is uniquely defined through equation (S.3).
To prove Step 2, we show:

e Claim i: U° solves equation (5.3);
e Claim ii: U° is unique.

Step 3: Using the definition of Uy in relation to U;” in equation (5.4), it follows that
U = U™ is uniquely defined through equation (4) in the main text.
To prove Step 3, we show:

S-10



o Claim iii: U™ solves equation (4);

o Claim iv: U™ is unique.

S.4 Characterization of equilibrium allocations: details

We have not yet fully characterized the equilibrium. To do this, we show equivalence
of Definition S.2 to a planning problem in sequence form which has a natural recursive
formulation, so that we can apply standard dynamic programming techniques (Sec-
tion S.4.1). Note that because of the transfer constraint, this will not be a social planner
in the usual sense. Rather, we write down a modified planning problem where the con-
straint is explicitly taken into account. We call it a “Pseudo-Planner’s problem,” Uj.
The “Pseudo-Planner” takes the marginal product of labor and the minimum transfer
constraint as given in the intra-temporal allocation of consumption, but is otherwise
only subject to feasibility. Note that thanks to Assumption 2, the Pseudo-Planner’s con-
straint set is convex. We then show that, thanks to Assumption S.2, her value function
is increasing, concave and differentiable so that first-order and envelope conditions can
be derived. It is then fairly standard to show that the intra-temporal transfer condition,
the Euler equations together with the transversality condition are necessary and suf-
ficient to characterize the Pseudo-planner’s optimum (Section S.4.2). Rewriting them
in terms of household variables, using the firm’s optimality conditions and the budget
constraints gives us the equations above. Because of the equivalences described in Sec-
tions S.1 and S.2 and Lemma S.2 below, this shows that equations (6) to (11) together
with the budget constraints and feasibility are necessary and sufficient to character-
ize the equilibrium. Finally, in Section 5.4.4, we use the Pseudo-Planner’s problem to
show that decision rules and equilibrium prices are continuous functions on b. This is

needed in several of the proofs in the main text (see results in Section 4.2).%

S.4.1 Pseudo-Planner’s Problem: Setup and Properties

Let us first set up the Pseudo-Planner’s problem in sequence form where the Pseudo-

Planner takes the numbers Mp; as given. In Lemma S.2, Mp, will be set to the marginal

46See also Figure S.1 for a graphical depiction of the results in this appendix.
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product of labor which leads to the equivalence to the dynastic sequence problem and
the equilibrium in Section 3.1.3.
Let us define the optimal transfer function, B p,Vt >0,z € R:

EP(Z, Tpt, Tpi+1; MPt) = (5.17)

%rggmbx{ﬁufa(F(Kt, N{™) = (N{™ + By) Mpg, NY) + Up (N, up(Mpi(N{™ + By) — Ky — 0:N{L, N™) + 2)
t> imft

where zp; = (K, NJ", N7). Note that given Assumption S.2(c), we have
EP()\VZ> AZpt, ATpiy1; MPt) = )\EP(Z, Tpt; TPt415 MPt)- (5.18)

Note that this homogeneity property will help in the proofs. In particular, it will be
used to show that the value function is homogeneous of degree v.

Let the set of feasible allocations from xp; = (K¢, N;*, N?) be given by
Hp(l‘pt) = {f@pt : Kk;-i—l + HkN,Z:LI S F(Kk, N]T),Vk Z t,Ipt given}.

Hence, the Planner’s utility as a function of the infinite sequence of state variables

zpt € lp(zpy), and M p;, can be written as

Up(zps Mp) = Bup(F(Ky, N") — (N + Bp(.))Mpy, NY) (S.19)
+Wp (N, up(Mpi(N{" + EP()) — K1 — 0N NT) + Up(@pegas Mpiga))

where zp, = (zpt, Tpii1), 1-€. Tpi1 agrees with zp, from ¢ + 1 on. Note that a version of
the Claim in Proposition S.1 can be used to show that Up is uniquely defined through
equation (5.19).

Definition S.4 Pseudo-Planner’s Sequence Problem (PSP):
Ug™(xpo; Mpo) = sup{Up(zpo; Mpo) : 2ro € Up(xpo)}

Lemma S.2 Let Mp, = Fn(K;, N™), Vt. Then Bp from equation (5.17) is equal to Efrom
equation (S.8), the solution to the Pseudo-planner’s problem in Definition S.4 corresponds to
the solution to the dynastic problem in Definition S.2.

Proof. By Euler’s theorem, we have Fx K = F(K, N) — FyN. Using this and the firm’s
optimality conditions, the objective in equations (5.8) and (5.17) are the same and so
is the constraint, B, > N;"b. Hence Ep — B. Euler’s theorem also implies that the

S-12



constraint set for the Pseudo-planner, IIp, is the same as for the dynasty, II,. Again,
using Euler’s theorem and the firm’s optimality conditions, the arguments of up and
VUp in equations (S.19) and (5.10) are the same. Hence, the utility recursively defined
through these equations are the same. Therefore, the solutions to the two problems are

the same. u

Thanks to the equivalences in Sections S.1 and S.2, written in terms of household
variables, the allocation is also equivalent to the equilibrium allocation described in
Section 3.1.3. Thus, if we find necessary and sufficient conditions to characterize the
Pseudo-Planner’s problem, we can rewrite them in terms of household variables and
obtain a set of necessary and sufficient conditions to characterize our equilibrium.

To do so, we first need to show that the Pseudo-Planner’s value function has the

desired properties. This is most easily done in a recursive formulation of the problem.

Definition S.5 Pseudo-Planner’s FE (PFE): Given a stationary law of motion for M, =
Lp(Mp), define the following Bellman equation:
Up(xp; Mp) = Sl}p{BuD(F(K7 N™) — (N™ + Bp(.))Mp, N°)

Tp

+UH[N™ up(Mp(N™+Bp()—K'—ON™), N™) U (2, Mb))]
rp st [K'+ ON™ < F(K,N™)]}.

Let 6p(v) ={F : Xp x Ry — R : F continuous, F h.o.d. v, ||F||, < oo}

where Xp C R? is the state space and ||F||, = sup{(|F (zp)|/(||zp||r)" : zp € Xp}.
Further, define the operator, Tp, as:

(TpUp)(zp; Mp) = sup{Sup(.,.) + Wp[N™, up(.,.) + Up(zp; Mp))]

P

v st [K' +ON™ < F(K,N™)|}.
The following Lemma states the standard dynamic programming result that 7 has

a unique fixed point, U2*, which corresponds to the maximized value of the dynastic

sequence problem U™ in Definition S.4.

Lemma S.3 If Assumption S.2 holds and k*( < 1, then Tp : €p(v) — Cp(v), €p(v) isa
Banach space; Tp is a contraction of modulus k”¢ < 1in €p(v); there is a unique Up" € €p(v),
such that Uy = TpUZ; if Mp agrees with Mp and Lp(.), then (Ug* = TpUp") implies
(Ugr = Ug™); and the associated policy correspondences K'(xp; Mp), N™ (xp; Mp) are non-

empty, h.o.d. 1in xp and u.h.c..
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The proof of Lemma S.3 is standard, except for the definition of “adding a constant to a
function” and the version of Blackwell’s sufficient conditions used.*” Next, we derive

important properties for the value function, U}.

Lemma S.4 If Assumption S.2 is satisfied, then U}, is strictly increasing, strictly concave,
differentiable and homogeneous of degree v in x p, and the associated policy correspondences are

single valued, continuous and homogeneous of degree 1.

Proof. For monotonicity, see Stokey, Lucas, and Prescott (1989), Theorem 4.7, p.80, and
for strict concavity, see Stokey, Lucas, and Prescott (1989), Theorem 4.8, p.81. Stated
briefly, since the constraint set is a convex cone and monotone and since up is strictly
increasing and strictly concave while ¥, is strictly increasing and weakly concave, the
proofs go through exactly as long as the norm ||.||, defined above and boundedness
condition in Assumption S.3 are used. To show differentiability is slightly more in-
volved but, as usual, the goal is to apply Benveniste-Scheinkman’s Envelope Theorem
(see Stokey, Lucas, and Prescott (1989), Theorem 4.10, p.84). First, the definition of Bp
in equation (S.17) implies the following intra-temporal FOC (using only the differen-
tiability of up and ¥p):

Oup(C° N°)  9Up(N™, up(C™, N™) + Up(x})) Qup(C™, N™)

& oce oUu ocm

+ A/ M(S.20)

where )\ is the multiplier on the minimum transfer constraint. Note that U}, (z};) and
U (x'}) are just numbers here.

There are thus three cases: (zp,z»(xp)) is such that (1) Bp > bN™ and A5 = 0, (2)
Bp =bN™and \g > 0, (3) Bp = bN™ and \p = 0.

For differentiability with respect to K and N°, we can always construct a strictly
concave, differentiable function, G, that is equal to U} at the current state and below
in a small interval around the optimal choice. The reason why this function can be
strictly concave and differentiable is because up and ¥, are (strictly/weakly) concave
and differentiable by assumption. Since the minimum transfer constraint is unaffected
by K and N°, we can hold B constant on this interval. The reason why for every point
around the current state the optimal choice for tomorrow’s state is still feasible is be-
cause C"™* > 0 and C°* > 0 since u},(0, N) = oo. That is, we can adjust consumption to
accommodate the lower current state and still achieve the optimal choice for tomorrow.

#See Proposition 4’ in Alvarez (1994)), p. 40-41 and p. 65-67. The proof of this proposition used
Proposition 3, p. 26, and the proof of Proposition 4, p. 27.
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Given this, we can apply Benveniste-Scheinkman to deduce that U}, is differentiable in
K and N°.

For differentiability with respect to N™, the argument is slightly more involved. In
cases (1) and (2), we can use the same argument as above, except that we have to adjust
B in case (2) which is possible since consumption is strictly positive at an optimum as
above. So U} is differentiable in the set of xp such that (1) or (2) holds. In case (3),
decreasing N brings us to case (1) and increasing N™ brings us to case (2). Hence,
we have to show that the derivatives in cases (1) and (2) are equal as we approach case
(3). Indeed, the only difference between the derivatives in case (1) and (2) is A, which
approaches 0 as we approach case (3) from case (2). Hence, Uy is differentiable with
respect to N™. See Technical Appendix T.4 for details.

That U} is homogeneous of degree v was shown in Lemma S.3. The properties of

the decision rules follow in the usual way from the properties of the value function. m

S.4.2 Necessary and Sufficient Conditions for Optimality

Proposition S.2 If Mp = Fy, any sequence xpy € Ilp(xpg) is optimal for the problem in
Definition S.4 if and only if it satisfies the intra-temporal allocation condition (S.21), the Euler
equations (S.22) and the transversality condition (S.23).

Intra-temporal allocation condition:

8uD(CtO’NtO) _ 8KDD(NZH’UD(C?’N?)+UIEH1) 8UD(C?aNZn)

B At/ F
o oU ooy TAmdne
(5.21)
Euler Equations:
Jup(Cy™, NI™) Oup(C? 1, N?)
K': ot/ —p s LR Ay (S.22)
oC;" Cty
Nm/ . eauD(OgnuNtm) _ 8“IID(N£1|—1’UD(C7Z117NZZII—1) + UI*DtJFQ)
‘ oc ON{},
+a‘1’D(Ntn}r1a UD(Cﬁh Ntﬁﬁ + U1*3t+1)
ou
« | F Qup(CPyy, Nity) | Oup(Ciy, Nity) Oup(CPys, Nio)
Nt+1 m m + 5 o
aCtJrl aNt+1 aNt+2
—ABt+10y44
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Transversality condition

Oup(CY*, NY)
oC?*

¢t Fri(Ky +ON") + WN{’ —0ast — oo (S.23)

t
Proof. For necessity of equations (5.21) to (5.23), we closely follow the arguments in
Alvarez (1994), Proposition 8. That is, suppose an allocation attains the sup in Def-
inition S.4, U} (xpy) where Uj* = U} by Lemma S.3 and where Bp(.) is defined in
equation (5.17). Then, by Lemma S.4, the first-order and envelope conditions can be
derived which lead to equations (5.21) and (5.22). To show that the transversality con-
dition must hold at an optimum, we first show that ('U% (zp;) — 0 ast — oco. Using
the fact that Up" is h.o.d. v and the envelope conditions and Euler equations, (5.23)
follows. For sufficiency of equations (5.21) to (5.23), we closely follow the proof of
Theorem 4.15 in Stokey, Lucas, and Prescott (1989), p. 98. The main difference is that
due to the recursively defined utility, we cannot write it as an infinite sum. However,
thanks to Assumption S.2(d) we show that % < ¢ < land since ¢'Ug (zp;) — 0
as t — oo, the result follows. For full details see Technical Appendix T.2. [

Expressing the conditions in Proposition S.2 in per capita terms, using the relation-
ship between up and u and ¥ and V in equations (S.5), and the firm’s optimality
conditions, we get the necessary and sufficient conditions of the household problem in

the text (see Section 3.2). For algebra details see Technical Appendix T.3.

S.4.3 In an unconstrained equilibrium, 160, > w;;

Consider the optimality conditions in equations (5.21) and (5.22). If the equilibrium is
unconstrained, then A\p,;; = 0. Substituting equation (S.21) and the first Euler equa-
tion in (5.22) into the second Euler equation in (5.22), substituting marginal products

for prices and rearranging terms, we get:

ot DVol) (NplOENE) | OB NE)) Ol N g,

ONzy | oU ONI; N, 9Ce,

The left-hand side is the marginal utility benefit of an additional child to the dynasty.
That is strictly positive by Assumption S.2. Hence, the right-hand side must be pos-
itive in equilibrium. Since up is strictly increasing, we have that r,,,16;, > w;;; in an

unconstrained equilibrium.
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S.4.4 Equilibrium decision rules and prices are continuous in

In this section, we show that household decision rules and prices are continuous in the
minimum transfer constraint, b. This result will be used in the proof of Propositions 4
and 6 below.

Proposition S.3 U} is differentiable with respect to the parameter b and the Pseudo Planner’s
policy functions are continuous in b. Therefore, household policy functions and equilibrium

prices are continuous in b.

Proof. Add b as a state variable with law of motion ' = b. We want to show that
Up(xp; b, Mp) differentiable in b. As usual, the goal is to apply Benveniste-Scheinkman’s
Envelope Theorem (see Stokey, Lucas, and Prescott (1989), Theorem 4.10, p.84). To do
so, define 0" € [—1,0™*"] such that, given (Kp, N}', N3), we have B = N}'b* and

BauD(O, xp,b*)  OUp(NE, up(m,zp,b") + U (xp(zp,b"))) Qup(m,zp,b*)
oC° n oUu oCc™ .

That is, the constraint just starts to bind at b* but Az = 0.*® There are three cases: given
(xp,2p(xp,b)) ()b < b and Ag =0, (ii) b > b" and Ap > 0, (iii) b = b" and A\p = 0.

In case (i), we can always construct a strictly concave, differentiable function, G,
that is equal to U} at b and below in a small interval around it. The reason why this
function can be strictly concave and differentiable is because up and ¥, are (strictly /weakly)
concave and differentiable by assumption. Since the minimum transfer constraint is
still not binding in a small enough interval, we can hold B and the optimal choice
for tomorrow’s state at their values for b on this interval without violating any bud-
get constraints. Given this, we can apply Benveniste-Scheinkman to deduce that U}, is
differentiable in b in case (i) with W“ = 0.

In case (ii), we can use the same argument as above, except that we have to adjust B.
The reason why for every point in a small enough interval around b the optimal choice
for tomorrow’s state is still feasible is because C"* > 0 and C'** > 0 since u/,(0, N) = oc.
That is, we can adjust consumption to accommodate the higher minimum transfer
constraint and still achieve the optimal choice for tomorrow. So U} is differentiable in
case (ii) with %IZQ’M‘D)W = —MpNJAp.

In case (iii), decreasing b brings us to case (i) and increasing b brings us to case
(ii). Hence, we have to show that the derivatives in cases (i) and (ii) are equal as we

approach case (iii). Indeed, Az approaches 0 as we approach case (iii) from case (ii).

#Note that b* exists if 0V /OU > 0. If 0¥ 5 /dU = 0, only Case (ii) below is relevant.
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Hence, U is differentiable with respect to b. Thus U}, is continuous in b and by the
Theorem of the Maximum, the optimal policy functions, 2’ are continuous in b. Using
the relationships s,11 = Kpi1/Np, and n, = Np,./Np,, it follows that household
policy functions are also continuous in b. Since F is continuously differentiable, Fi(.)
and Fy(.) are continuous functions of = p. Therefore, equilibrium prices, w = F(zp(b))

and r = F(zp(b)), are also continuous in b. See Technical Appendix T.5 for details. m

S.5 Recursive Competitive Equilibrium

The equilibrium described in Section 3.1.3 can also be written as a recursive competi-
tive equilibrium (RCE). For some applications, this formulation may be more intuitive
and convenient. We report it here for completeness: definition, equivalence result and
relation to the Pseudo-Planner’s problem.

Let X C R? be the household state space and let X, C R? be the dynastic or
aggregate state space.

Definition S.6 A Recursive Competitive Equilibrium (RCE) is a collection of:
o continuous price functions: w: Xp - Ry andr: Xp — R4,
o value functions: U : X x Xp - Rand U™ : X x Xp = R,

e household decision functions: ¢®* : X x Xp — R4, b* : X x Xp — [b, b

7

]
™ 2 [b,b] x Xp = Ry, s* - [b,b] x Xp — Ry, n* : [b,b] x Xp — Ry,
o firm decision rules: K*: Xp xXp — Ry, N* : Xp x Xp — Ry,
o laws of motion for the aggregate state variables: L : Xp — Xp,
such that for all (x,Zp) € X x Xp :

e given w(Zp),r(Zp) and b, the decision rules ¢™* (b, Zp), s* (b, Zp) and n* (b, Zp)

maximize u(c™) + U®*(s',n; @), subject to ™ < w(Tp)(1 +b) —On' — 5
o given w(Zp),r(Tp), (s,n), the decision rules ¢®*(s,n;Tp) and b*(s,n;Tp)

maximize fu(c®) + V(n, U™ (b;Zp)), subject to c® < r(Zp)s — w(Tp)nb

o U™ (b,Zp) = u(c™(b,Zp)) + U (s* (b,Zp),n* (b,Zp); T)

U (s,n;Tp) = Pu(c™(s,n;Tp)) + ¥(n, U™ (b"(s,n;Zp); Zp))
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o given w(ZTp),r(Tp), decision rules K*(Zp) and N*(Zp)
maximize F(K,N) — w(Zp)N — r(Zp)K,
o markets clear:
N™em™ (b*(Z,Zp), Zp) + N°c* (2, %p) + N™s*(b*(%,Zp), Zp) + ON™n*(b*(Z,Zp), Zp)
= F(K(Zp), N(Zp)),
K*(Zp) = K and N*(Zp) = N™,
e consistency:
Z=(3,n) = (K/N°,N™/N°)
K' = L1(Zp) = N™s¥ (b*(2,%p); Zp)
N™ = Ly(Zp) = N™n* (b*(%,2p); p)
N = Ly(Zp) = N™
]\Af(‘)’ = 1,]%” = ng, Ko = ko given.

The RCE formulation from Definition S.6 has two optimization problems, one for
old households and one for middle-aged households. The first order conditions and

the envelope condition for the old household problem are

oU™ (b; %)

b:  Bu'((s,n;ZTp))nw(Tp) = Vy(n, U™ (b;Tp)) 5% + X
pe,: PO e (s,n o))
EC, : W =V, (n,U™(b;ZTp)) — Bu'(c°(s,n; Tp))bw(Zp) .

Similarly, from the young household problem we have

B oU°(s* (b,2p),n* (b,Zp; Tp)

n: u(™(b;Tp))d

on
s: U (™(bzp)) = o (s (b, xD)é: (b:7p): %p)
ou™(b;x i~ N
ECy : % =u'(c"(b;Zp))w(ZTp) .

aUméb;:'fD) OU°(s,n;Tp) and OU°(s,n;Tp)

Using the envelope conditions to substitute out for 5 5
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and suppressing the arguments, we can write the necessary equilibrium conditions as:

n:  u(dM)0+ ﬂu (' =,
st u(d™) = Bu ()
b:  pu()n = Vyu' (™) + %

Adding in the time indices, we obtain the FOCs in equations (6) to (8) in the main text.
While intuitive, this does not prove that these equations (together with the firm’s
optimality conditions and the budget constraints) are sufficient to characterize equilib-
ria. Since there are non-covexities in the constraint sets here, we set up an equivalent
Pseudo-Planner’s problem in Section S.4 which does not suffer from this problem and
derive sufficiency there.
Next, we show that the RCE is equivalent to the equilibrium described in the main

text. See also Figure S.1 for a graphical depiction of these equivalences.

Proposition S.4 The Recursive Competitive Equilibrium is equivalent to the equilibrium de-
fined in Section 3.1.3.

Outline of Proof. The proof proceeds as follows.

Step 1: From the RCE, we derive the Old Household Functional Equation (HFE, Defi-
nition S.7).

Step 2: From HFE, we derive the (equivalent) Dynastic Functional Equation (DFE,
Definition S.8).

Step 3: We then show that DFE has a unique fixed point, Uz’ which attains the supre-
mum of the Dynastic sequence problem (DSP) in Definition 5.2, U™ (see Lemma S.5).
Step 4: Given (2) and (3) and Lemma S.1 (i.e. equivalence Old Household Sequence
Problem (HSP) in Definition S.1 and DSP in Definition S.2), we can show that the HFE
is equivalent to the HSP. In addition, since HSP was derived from the equilibrium
described in Section 3.1.3 and HFE was derived from the RCE, the household problems
in Section 3.1.3 and in the RCE are equivalent (see Corollary S.1).

Step 5: It then only remains to point out that the firm’s optimality conditions as well
as market clearing conditions coincide in the two equilibrium definitions.

Step 6 concludes.

Within this proof, we also state some definitions that will be used in subsequent sec-
tions and refer to similar proofs in Alvarez (1994).

Proof.

S-20



Step 1: Derive Old Household Functional Equation
Using the same steps as in Section S.1 on U™ and U° from the RCE, we can write the

old household problem as a functional equation by defining the operator, 7', as follows.

Definition S.7 Old Household FE (HFE):

Given a stationary law of motion for *', = L(Zp), define the operator, T, as:

(TU°)(s,n;x) = sg/p{ﬂu(r(fv\D)s—ngw(fD))—i—‘lf[n, u(w(fE\D)(1+g(.))—s’—9n’)+U"(x’;ff’D)],

' st [(8+60n)n <w@p)n+r(Tp)s]}

Step 2: Derive Dynastic Functional Equation
Similarly, using the same steps as in Section 5.2 on U° and U7, we can write the dynastic

problem as a functional equation by defining the operator, T}, as as follows

Definition S.8 Dynastic FE (DFE): Given a stationary law of motion for ¥’ = L(Z), define
the operator, T, as:
(TpUR)(xp;xp) = sup{Bup(r(Zp)S — B(.)w(Zp), N°)

Tp

+Up[N™ up(w(@p)(N™+B(.)=S'—ON™ , N™)+Up (2, Tp): )],
2y s.b. [S' 4+ ON™ < w(@p)N™ + r(Tp)S]}

Step 3: The problem in Def. S.8 (DFE) is equivalent to the problem Def. S.2 (DSP).
The following Lemma states the standard dynamic programming result that 7, has
a unique fixed point, U7y, which corresponds to the maximized value of the dynastic
sequence problem U™ in Definition S.2.

Let ép(v) = {F : Xp x Xp — R : Fis continuous, F'is h.o.d. v and || F||, < oo}
where [|F|l, = sup{(|F(xp)|/(lenlls)" : 2p € Xp C R}.

Lemma S.5 If Assumption S.2 holds and k"¢ < 1, then:
1. Tp : 6p(v) — €ép(v), €p(v) is a Banach space,
2. Tp is a contraction of modulus k¥¢ < 1in €p(v),
3. thereis a unique UYy € €p(v), such that Uy = TpUP,
4. if (w,r) agrees with (w(x), r(x)), then
Uy = TpUp implies Uy = Uy,
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5. And the associated policy correspondences S'(zp; Tp), N™ (vp; Tp) are non-empty, h.o.d.
1inxpand u.h.c..

The proof of Lemma S.5 is standard.®

Step 4: The problem in Def. S.8 (DFE) is equivalent to the problem in Def. S.7 (HFE).
The next Corollary states that 7" has a unique fixed point, U°*, which corresponds to
the maximized value of the old household sequence problem, U°**, in Definition S.1.
Let%(v)={f: X — R: fiscontinuous and F(z,1) = f(z),||F||, < oo}

where ||F||, = sup{(|F(z, D)|/(||(z,1)]|g)" : 2 € X C R?}.

Corollary S.1 If Assumption S.2 holds, k > 0 and k¥¢ < 1, then
1. T: %6 (v) — €(v), €(v) is a Banach space,
2. T'is a contraction in € (v),
3. there is a unique U®* € € (v), such that U** = TU®*,
4. U =TU® implies U = U***.

5. And the associated policy correspondences s*(x;xp),n*(x; X p) are non-empty, h.o.d. 1
in x and u.h.c..

The proof of Corollary S.1 is simple once one has shown the equivalence of 7" and 7).

This can be done very similarly to Step 2 in the proof of Proposition S.1.%°

Step 5: The firm’s optimality conditions and the market clearing conditions are the
same in the definition of equilibrium in Section 3.1.3 and in the definition of the RCE.

Step 6: Equivalence between equilibrium in Section 3.1.3 and the RCE.

From Step 4, since HSP was derived from the equilibrium described in Section 3.1.3
and HFE was derived from the RCE, the household problems in Section 3.1.3 and in
the RCE are equivalent. From Step 5, the firms optimality conditions as well as market
clearing conditions coincide in the two equilibrium definitions. Hence, the equilibria
are equivalent. n

To solve for the RCE, one can use the solution to the Pseudo-Planner’s problem.
The next Proposition states this relationship:

#See Proposition 4’ in Alvarez (1994)), p. 40-41 and p. 65-67.
USee Propositions 5, 5" and Corollary in Alvarez (1994), p.41 and p. 61-62.
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Proposition S.5 If z}(zp) = (Kp(xp), NF*(zp), Np*(xp)) solves the Pseudo Planner’s
problem with L,(Mp(xp)) = Fx(Li(xp), Lo(xp)) where Mp(zp) = Fy(K, N™) and letting
T=ap,x=(Kp, N®)/N° b= B/N™, where B = B(.), then

1. the RCE allocation is given by:

e w(Z) = Fy(zp),r(T) = Fx(zp),
o °(X;3) = [F(K,N™) — (N" + Bp)]/Ng,c"(b;7) = CP(xp) /N™,

o U™(X;%) = Up(xp, Fn(xp))/(N°)",
Um(b; ) = u(c™(b; 7)) + U (wp(ep) [N™, wp(2p)),
e K(Z)=Kp,N(@) = N2,
o L1(Z) = Kp(zp), Lo(Z) = Np*(zp), L3(Z) = NE;
2. since F' is continuously differentiable, Fi (.) and F(.) are continuous functions of xp.

Hence, we have found prices w(.) and r(.) which are continuous functions of x, a result
we use in Section S.4.4 and Appendix A in the main text;

3. equations (S.21), (S.22) and (S.23) correspond to equations (6) to (8) and (11) in the
main text and—together with budget constraints and firm'’s optimality conditions—the

latter are necessary and sufficient to characterize the equilibrium.

Proof. Use equivalences in the proof of Proposition S.4 and Lemma S.2. n
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